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NONLOCAL EVOLUTION EQUATIONS 
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o 

' Abstract. We obtain the precise decay rates of traveling wave for a class of nonlocal evo- 

lution equations arising in the theory of phase transitions. We also investigate the spectrum 
of the operator obtained by linearizing at such a traveling wave. The detailed description of 
the spectrum is established. 



O 

1. Introduction 

< 

In this paper, we are concerned with a class of nonlocal evolution equations of the form 
*S\ (1-1) ^^ = d^^ + f(u(x,t),(J*u)(x,t)) 

for x G E and t G M + . Here d > is a constant, (J * u)(x,t) := J R J(x — y)u(y,t)dy, f and 
J are sufficiently smooth functions. Depending upon the constant d and the nonlinearity / 
involved, equation (jl.ip may model the spatio-temporal development of various populations 
or epidemics ( see the surveys and references cited therein). Similar equations have been also 
derived and studied from the point of view of certain continuum limits in the dynamic Ising 
models (see [2], [3], [I], [5], [6] and references therein). Equation (jl.ip has received much 
attention recently, the possible interest of such an equation lies in the fact that much more 
general types of interactions in the medium can be account for. The existence as well as the 
uniqueness of a traveling wave solution for integro-differential equations (jl.ip have been of 
^ \ great interest, both from a mathematical standpoint and for their applications. Indeed, our 

study of (jl.ip is motivated by the following traveling wave problems. 

A. Family of neurons 

^- = -u+ [ J(x -y)S(u(y,t))dy, 
where m(u) := S(u) — u satisfies m'(0) < 0, m'(l) < 0. J is a smooth kernel satisfying 
(1.2) J > on R, / J = 1. 

B. Ising model 

— = tanh/3( J * u + h) — u, 
ot 

where f3 > 1 is inverse temperature and h is a constant. J is a smooth kernel supported in 
[-1,1] satisfying (Ol) . 

C. Phase transition 

d u ft i f \ 

-Qj: =e[J*u-u\ +g{u), 

l 
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where g(u) is a bistable function, A > 0. 

Throughout this paper, we make the following hypotheses. 
(HI) d+\c\ + 0. 

(HI) J G C(R) is even, nonnegative such that 




= 1 and 



/ J(s)e ps ds 



< +oo for any p G R. 



(H2) / G C 2 ' a (M x R) and /(-l, -1) = /(l, 1) = /(g, q) = 0, where -1< q < 1. 
(H3) <9 s /(r, s) > for any fixed (r, s) G [-1, 1] x [-1, 1]. 
(H4) r /(±l,±l) < and d r f(±l,±l) < -d s f(±l,±l). 

(H5) /(•) = /(-, •) is bistable, i.e. / has exactly three zeros ±1 and q. There exists an 
interval [1,1'] C (-1, 1) such that q G [1,1'], J (s) > for any s G [1,1'] and / (s) < for any 

se [-1,1] \ [l,l']. 

Under conditions (H1)-(H5), it is well known that equation (jl.ip possesses a unique 
monotone traveling wave solution connecting the equilibria ±1 (i.e solutions of the form 
u(x,t) = U(x + ct) for some velocity c, lim^-too £/(£) = ±1 with t; = x + ct.) However, 
the precise rates at which U approaches the two homogeneous equilibria ±1 are still lack- 
ing. In this paper, we address this issue. Our main goal is to obtain the exact decay rates 
of traveling wave of (jl.ip as £ — > ±oo. With the right rates of convergence, we can eas- 
ily establish the uniqueness of the traveling wave. Recently, a spectral analysis of traveling 
waves of (jl.ip was made in [3]. The authors considered the operator obtained by linearizing 
(jl.ip at U in Co(R), the space of continuous functions which vanish at infinity. They show 
that the operator has spectrum in the left half plane, bounded away from the imaginary 
axis except for an algebraically simple eigenvalue at zero. This fact is of crucial importance, 
which not only implies the exponential asymptotic stability of traveling waves but also leads 
to the description of dynamics of the codimension-one invariant stable manifolds. Here the 
co dimension-one invariant stable manifolds are transverse to the one-dimensional manifold 
formed by the translates of the traveling wave. Based on our study of asymptotical behavior 
of traveling waves, we are able to obtain a detailed description of the spectrum of the operator 
in the underlying LP space (1 < p < oo). 

The paper is organized as follows: In section 2, we investigate the exponential decay rates 
of the traveling wave and prove its uniqueness. In section 3, we study the spectrum of the 
operator obtained by linearizing (jl.ip at the traveling wave. Some of the results needed in the 
spectral analysis can be obtained by using arguments similar to those in |15j . and therefore 
we summarize these results in the Appendix with sketched proofs that are necessary for our 
purposes. 



2. DECAY RATES OF TRAVELING WAVES 

In this section, we study the asymptotical behavior of traveling wave (c, U) G R x C 2 (R) 
which satisfies 

, s f cU' = dU" + f(U,J*U) on M, 

^ j \ lim^ ±£X) £/(£) = ±1, U' > on R. 

We show that the behavior of the traveling wave near ±oo is governed by exponentials. 
Moreover, we determine the exact exponential decay rates of U as £ — > ±oo. For our purpose, 
we shall adapt the Fourier transform techniques presented in [15] and [18] (see also [24] and 
|25j). By differentiating equation (|2. If) with respect to £, we obtain 

(2.2) c(C/ / )' = d(U')" + / r (C7, J * U)U' + / a (f7, J * 17) J * 

From dO 



(2.3) lim / r (l7,J*I7) = / r (±l,±l), lim / S (C7, J * U) = f s (±l, ±1). 

Motivated by ([22]) and ([23]), we consider the linear operator L : L>(L) C L P (R, C) ->• L P (R, C) 
defined by 

(2.4) Lv := dv" - cv' + a(f)« + 6(£)J * u, £ € R, 

where Z?(L) := {v G Z7|?/,cfo" G a, 6 G C 6 (R,R), and 1 < p < oo. 

A special case occurs if both a and b are constants, we define Lq : D(Lq) C L p (R, C) — )• 
Lf(R,C) by 

(2.5) L v := cfc>" - cv' + at; + 6J * v, £ G R, 
where £>(L ) := 

In what follows, when convenient, / r (±l, ±1), / s (±l, ±1) are denoted by a ± and b^, re- 
spectively. 

Let Aq(z) : C — > C be the characteristic function associated with Lo, defined by 

AoOz) = dz 2 - cz + a + b / J(s)e~ zs ds. 

Jr 

In an attempt to solve the inhomogeneous equations 

(2.6) L v = h, he L p , 
we may formally take the Fourier transform to obtain 

A (ir))v(rj) = h(rj), rj G R, 

where g(z) = (2-ir)- 1 f R g(s)e- izs ds, i = yf^l and z G C. Note that Aq 1 (ir/) = 0(|r/| _1 ). 
Therefore, we can take the inverse transform of Ag 1 (ir/) to obtain solution v provided 
Aq(it]) ^ for any r\ G R. 

Definition 2.1. T/ie operator Lq is called hyperbolic if Ao(iri) ^ for any r\ G R. 



4 



GUANGYU ZHAO AND SHIGUI RUAN 



In what follows, for a given complex number z G C, we shall always denote its real part 
and imaginary part by $tz and 9te, respectively. The following Lemma ensures the existence 
of Aq l {iri) under suitable conditions. 

Lemma 2.1. Suppose that a < 0, b > and b < —a. Then 

(a) The equation Aq(z) = has precisely two real solutions X s < < X u . 

(b) The zeros of Aq(z) in the vertical strip {z G C| A s < $tz < A"} are X s and X u . In 
addition, in each vertical strip \^R.z\ < K, there lie only finite number of zeros of Aq(z). 

Proof. Set N(z) = b J" K J(s)e~ zs ds and D(z) = cz — dz 2 — a. Then z is a zero of Ao(z) if and 
only if z is a solution to the equation N(z) = D{z). Due to the assumption, D(0) — N(0) > 0. 
We start with the case that z takes on real values, note that N(z) is a positive convex even 
function of z with > for any z / 0. Consequently, there exists two real roots of 
N(z) = D(z), denoted by A s and A" with A s < < A". In addition, it is easy to see that 
N(z) < D(z) if z G (A+,A M ), whereas, N(z) > D(z) if z G R \ (A+,A U ). This confirms the 
part (a). Next let z G C. Note that 

(2.7) |JV(z)| < f J{s)e-® zs ds < KD(z), Vz G {z G C|A S < Kz < A n }. 
Moreover, we observe that 

$D(X s + in)> [ J(t)e- XH dt > [ J(t)e" An cos^tdt = KiV(A s + *» 

JR Vr 

and 

5ft£>(A n + i/i) > / J(t)e- xut dt> [ J(t)e- xut cos fitdt = RN(X U + 

for any // ^ 0. This yields the first part of (b). Due to the first inequality in (|2.7p . |A^(z)| is 
bounded in the vertical strip \$lz\ < K, K > 0. Clearly, when restricted to such a strip, the 
solution set of D(z) = N(z) is bounded. Since Ao(z) is a entire function over C, there are 
only finitely many roots of Ao(z) in such a strip. □ 

Lemma 2.2. Assume that the operators Lq defined by \2. 5\) is hyperbolic. Then for each 
1 < p < oo, Lq : D(Lq) — > LP is an isomorphisms. The inverses is given by convolution 

(L^h)(0 = (G * h)(0 = [ G (£ - V )h( v )d V 

Jm. 

with the functions Go, which enjoy the estimate 

(2.8) \G (0\ < Ce-^l, £GM 

for some positive constants C and a. In particular, for each h G IP , u = L^ l h is the unique 
solution to the inhomogeneous equation l\2.6\ ). 

Proof. Set 

(2.9) G (£) = / e^A^(i V )dn, £ G R. 

Jul 



By a similar argument used in [15], we may interpret Go as a tempered distribution and show 
that 

(2.10) dG{f(0 - cG' (0 + aG (£) + * G Q (£) = 5(0, 

where 5 denotes the delta function distribution. Therefore, when d = 0, as a function, Go is 
absolutely continuous for all £ 7^ and satisfies 

cG (£) = aGo(£) + bJ * Gq(£) almost everywhere. 

Furthermore, the function Go possess left- and right-hand limits Go(0— ) and Go(0+) at £ = 0, 
and there is a jump discontinuity 

G (0+) - Go(O-) = 1. 

If d > 0, then Go is absolutely continuous for all £ and G is discontinuous at £ = 0. 
We now show that the function Go decays exponentially at ±00. First observe that 



J(s)e~ zs ds\ -»■ 0, \Qz\ -> 00 

in each vertical strip \^tz\ < K. We then have 

A (z) = dz 2 - cz + 0(1), |3\2|^oo 

uniformly in such a strip. Thanks to the assumption that Ao(w/) 7^ for any 77 £ M, Lemma 
12.11 implies that there exists a > such that A ~ 1 (z) is analytic in the strip \$lz\ < a. In 
order to obtain f|2.8j) . we distinguish between two cases. 

The case that d = 0. 

We write 

Ag 1 ^) = [-c^ + fc)]- 1 +i?(z), 

where k > 2a. Clearly, in the strip \Mz\ < a, R(z) is analytic. Moreover, R{z) satisfies 
R{z) = Od^zl) -2 uniformly as |9f^| — > 00. Consequently, if £ > 0, then we can calculate the 
function Go by shifting the path of integration of integral in (|2.9|) as follows: 

G(£) = -L f e^ s A^(is)ds = ^- [ e^ s [-c(is + k)- 1 + R(is)]ds 

= — + / e l ^R(X s , - e + is)ds. 

2irc 2tt J r 

The absolute convergence in last integral yields 

|G (OI<Ce-°* £>0 
for some positive constant G. In the same manner, we can infer that 

|G (£)| < Ce-°*, £<0. 

It is evident that the same reasoning works for d > since Aq 1 (z) = Od^zj -2 ) in the strip 
\3lz\ < a. Thus (|2.8p is completed. Furthermore, (1 + |r/|)A ~ 1 (i?7) £ I? implies that G G -ff 1 
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and G' = is Aq 1 (is). In addition, it follows the same lines that 

\G' (0\ < Ce~ a ^, 
We now solve the inhomogeneous problem 
(2.11) L v = h, /i£J7 

for h G L p . For given h G LP, let v be the convolution v = G+ * h. Then by Young's 
inequality, 

\\v\\lp < \\G+\\ L i\\h\\ LP . 

Also note that 

< ||G" + || L ip|| L P 

provided d 7^ 0. To verify v is a solution to (|2.11[) . it is sufficient to show that (|2.1ip holds 
everywhere for the function v, that is, 



for all C°° functions x '■ ^ — > C of compact support. Indeed, it follows from the jump 
condition (I2.10p and Fubini's theorem that 



X (0(L v)(0dt = a I x(0(G *h)(£)d£ + b x{0(J*G *h)(£)d£ 

X (0[b(J*G ) + aGo)*h](Odfi 

x(0(cG' (£-r ] )-dG'^-r ] ))dt]h(r ] )d7 1 + [ xivM^dv 
(-cx'(OGo(Z-ri) + dx'(OG'o(Z-v)n}h(r ] )d V + [ x(v)Hv)dv 

JR 

d I x'(£K(£K-c / x'(£M£R + I x(0H0<%- 




Now, to complete the proof, we only need to show that Lqu = for some u G D(Lq) if and 
only if u = 0. In fact, by interpreting u as tempered distribution and taking the Fourier 
transform, we have 

A O?)2(r?) = 0. 

Since Ao(ir]) 7^ for any 77 G M, u must be a zero distribution and hence u = 0. The proof is 
completed □ 

We now construct the Green's function for a small perturbation L q of Lq. Namely L q = 
Lq + Q, here Q : LP — > LP is a bounded linear operator defined by 



where m, n G 



Proposition 2.1. Let Lq be given by \2. 5\) and L q v{£) = (Lq + Q)v(£). If 

max{||m||ioo , ||n||£°o} < e 

such that e is sufficiently small, then L q : D(Lq) — > L p is an isomorphism for 1 < p < oo. 
In addition, there exist positive constants v,K , and the function G q : M 2 — > C satisfying the 
pointwise estimates 

(2.12) \G q &r,)\ < Ker^ 
such that 

Lq X = I G q (t,rj)h(r])dr, 
Jr 

for each h £ L p . 

Proof. The proof is similar to the proof of . We shall only sketch the proof of Proposition. 
Since Lq : D(Lq) — > L p is an isomorphism, L q = (I — QL ~ 1 )Lq. It then follows from Theorem 
1.16 of [E] that 

oo 

(2.13) L- 1 = L^^iQLo'y 

3=0 

as long as HQZ/q 1 ]! < 1. Set 

T 1 ^, V )=m(OG ^-v)+n(0 [ J(£ - s)G (s, V )ds. 

Jr 

In view of Lemma E21 (QLq 1 )' is an integral operator, whose kernel is defined inductively 
by 

JR 

for all j > 2. Thanks to (HI), a straightforward calculation shows that 

(2.14) \Fi(£,v)\ < eCe~ a ^ + ee'^-^ f J( s ) e Q|s| cfe. 

Jr 

Therefore, there exists positive constant K\ such that |ri(^,r/)| < 2eKe~ a ^~^ . In addition, 
by using (|2.14|) . we infer that 

where = ^ * \D r *w~ 1 ) ) i s the j-fold convolution of ^ with itself. By Lemma 5.1 of [15], we 
infer that 

oo 

(2.15) X>*^)l <K 2 e-^. 
Here v = Va 2 - ^eKa and K 2 = Np. Now Let 

r. OO 

G q fov) = G Q (£-ri)+ / G (e- S )(Vr 3 ( S)f) ))&. 

,=i 
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Then a direct calculation yields 



G q (^r,)\ <Ke-"M. 



Furthermore, it is easy to see that 



L- l h= [ G q (Z,ri)h(r,)dri. 



Therefore, the proof is completed. 



□ 



Next we consider the operator L defined by (|2.4[) . Hereafter, we assume that 
(2.16) lim a(±0 = a ± , lim 6(±£) = b ± , 




where a + ,a and b are constants. Let L± : D(Lq) — > L p be the operator defined by 



respectively. 

Definition 2.2. The operator L is called asymptotic hyperbolic if both L + and L_ are hy- 
perbolic. 

Proposition 2.2. Assume that \2.l6\ is satisfied and L is asymptotically hyperbolic. Suppose 
that there are bounded sequences u n £ D(L) and h n S LP such that Lu n = h n and h n — > h* 
in LP. Then there exists a subsequence u n < and some u* G D{L) such that u n i — > u* in D(L) 
and Lu* = h* . The same conclusion hold true for L* . 

Proof. Due to the assumption, for any e > 0, there exists r(e) > such that |a(±£) — a | < e 
and |6(±£) — 6 ± | < e whenever ^ > r. Now let 



respectively. Set L q ± = L± + Q . It is clear that L q ±u n = (L„± — L)u n + f n . p > l,then the 
embedding theorem implies that the sequence u n is equicontinuous on any compact interval. 
In case of d > 0, u' n is also equicontinuous on any compact interval. When p = 1, by means of 
an argument similar to one used in [15], it can be shown that the above conclusions are still 
true. Therefore there is a subsequence, still labeled by u n , which converges to u* uniformly 
on any compact interval for some function u* : M — > C. Clearly, u* £ L°° since u n is bounded 



Next we show that u n — > u* in LP if 1 < p < oo. By the assumption, there exists C > 
such that HitnlU 00 < C. Let 



L±u = du" — cu + + b^J * u, 




Let the bounded linear operators Q : LP —> LP ', defined by 




in W 1 ^. 
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then it follows from (|4.2p that 

\u n (0\<CK ie -^+g n (0, (GK. 
By using the Holder inequality and Young inequality, we find that g n , g* G L p n L°°, and 
lim ||p n - g*\\ L °° = 0, lim | \g n - g*\ \ LP = 0. 

n— yoo n— >oo 

The generalized Lebesgue dominated convergence theorem implies ||u n ||.LP - ^ 1 1^*1 1 lp- Fi- 
nally, Brezis-Lieb Lemma yields 

lim \\u n — u*\\lv = 0. 

Due to (I4,7p . we have 

«n = A" 1 ((A - to)Iu n - Lu n + h n ). 
By passing the limit n — > oo, we see that 

u* = A~ 1 ((A - u)Iu* - Lu* + h*). 

Namely, 

(n L - Ai>* = h*. 

Furthermore, applying (14.3P or (14. 4p to the difference u n — u* yields 

u n -> u* in W^or Ty 2 ' p if d > 0). 

It remains to show that the assertion is valid when p = oo. We first write for each u n in the 
form 

cu n (ii) = cu n (£ 2 ) + I [L(rj)u n (r]) - h n (r))dr], for d = 

and 

/•a 

du 'n(£,i) = dv! n {£ 2 ) + / [cu' n (r]) - Lu(r]) + h n (7])]dr], for d > 0, 

where — oo < £2 < £1 < °°- Since (J * u n )( - ) converges (J * u*)(-) pointwise and J * u n is 
uniformly bounded, upon taking the limit, we find 

rti 

cu*(&) = cu*(6) + / [Hv)u*(v) ~ h n (v)dv, for d = 

and 

= dw*'(6) + / [cu* (r?) - Lu(rj) + h n (r,))dr,, for d > 0. 

Therefore, we have 

d(u*)"(0 - c(u*) r (0 + (Lu)(0 = h(£), for any £ € K. 

Applying (|4.2p to u n — u* yields that 

IK - «*)(£) I < 2CiTie- /i|el d^ + ^||/in - 

Since h n —> h* in L°°, for any e > 0, there exist positive constants N(e) and T(e) such that 
I (u ra — u*)(£)| < whenever n > iV(e) and |£| > T(e). In addition, we already know that 
u n uniformly converge u* on any compact interval. Hence, there exists N(e) > such that 
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\\(u n — u*)\\l°° < £ if n > N(e). Once again, the similar reasoning shows that u n — > u* in 
W 1 ' 00 (or W 2 '°°). Thus, the proof is completed. □ 

Proposition 2.3. Let (c, U) be the solution to M.l\) , then there exist positive constants v 
and C u such that 

(2.17) \U'(0\ < C„e (x + + ^, ( > 
and 

(2.18) \U'(£)\ < C u e^--^, £ < 0, 
where v < min{— A+, A"}. 

Proof. We shall use Proposition O to derive ([2TT|) and (f2T8|) . Recall that 

M ± (0V = [fr(U, J*U)- f r (±l, ±1)]V + [f s (U, J*U)~ f s (±l, ±1)]J * V. 

Due to (I2.3p . for any e > 0, there exists r > such that 

||M+(0|| < e, as £ > r, and ||M_(0|| < £, as £ < -r. 

Now let 

mo = { J; j*;; «-(«-{ i ^<:;: 

We also set 

E±(0 = i± + $±(0M±(0, 37±(0 = (1 - 0±(O)M±(£). 
Let V stand for U' and Let 

(n I± «)(0 = dv"(0 - cv'(0 + l ±v (0- 

Then (IIj- V)(£) = — Af-t(^)V(^). Since -/W±(£) is a bounded linear operator and e can be 
made arbitrary small by manipulating r, we can choose r sufficiently large such that the 
operators II^ satisfies the conditions of Proposition O Let G+ : R 2 -)• C denote the 
Green's function for II^ , which enjoys the estimate (|2.12p . Therefore, for every £ € M, 



f(0 = / G + (£ ! r ? )[-M + (7 7 )F(7 7 )]d7 7 

3 

S + (C,»?)[-Ml(7/)^(»/)]dT/, 

3 

where we use the fact that Mi (77) = for all 77 > r. Consequently, for any £ > r, we have 

I < d [ T e^+ +u ^-^\\M\\ L oo\\V\\ L oodr 1 
J —00 

Since V is bounded on R, it is possible to choose > such that the desired estimate p. 171) 
holds for all £ > 0. Analogously, 

\u'(o\ < ae (A +-^, £ < 0. 
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The proof is completed. □ 
Now we are ready to give the main result in this section 

Theorem 2.1. Let (c,U) be the solution to then there exist positive constants D\ and 

D 2 such that 

(2.20) = l-£>ie A +^[l + o(l)], as £ -> oo, 
and 

(2.21) [/(£) = -H-£> 2 e A -$[l + o(l)], as ^ -oo, 
where A+ < 0, A" > are tae roote of Al ± (z), respectively. 

Proof. We first show that 

(2.22) |M+(£)V(£)| < C 2 e 2 ( A + + ^, £ > 0, 

(2.23) \M-(£)V(g)\ < C 2 e 2ix -~^, £<0 

hold true for some constant C 2 > 0. In fact, by mean value theorem, we have 

iM±(onoi < k\\u{§ t ii + 1 j* {u t ixoinmoi + * noil 

for some positive constant -fY. It follows from proposition 12.31 that 

\U(0 - 1| < (A; + i/^CeW, £ > and |C/(f) + 1| < (Al - i/)- 1 ^*--"^, £ < 0. 
Hence, for any £ > 0, 

|J*(Z7-1)(0| 

= I / J(ri)(U(Z -V)~ l)dv\ < + J(v)M£ -V)~ Mdfi 

JR J-oo J£ 

(A + + z/J J R j K 
< C'e (x + +U K. 



Similarly, 



and 



\J*(U+1)(0\ <Ce^~^, £<0, 
f C^e (A + +1/)5 if £ > 



Therefore, flES]) follows. 

Now set /i±(£) = — M±(£)U((i,). As long as v is sufficiently small, there exists i > such 
that 2(A^ + i/) < A^ - i and 2(A<i - v) > XI + 1. Therefore, we have 

(2.24) < C 2 e( A i"^, for any £ > 0, < C 2 e( A -+^, for any£ < 0. 
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In addition, due to the boundedness of U =F 1 an d J * (U 1), it is easy to see that 

(2.25) \h+(0\ = 0(e (A "^ )f ), as £ -> -oo, = 0(e (A + +iy)? ), as f -> oo. 
Clearly, we have 

(2.26) dy"-cV + L±y = /i±(£). 
In particular, when <i = 0, 

(2.27) \V'(0\ < l^WJ * V(0\ + 1^11^(01 + M0I- 
We also observe that h± is differentiable and 

1^(01 < k'[\v(0\ 2 + \v(0\\J * v(0\ + P(0 t W(0\ + P(0 t ill J* v'(0\l 

Therefore, it follows from (|2.27j) that 

(2.28) \h' + {0\ < C A e (X +-^, for any £ > 0, |/t'_(£)| < C* 4 e (A - +t)5 , for any£ < 0. 

Next, we show (|2~3Uj) . Thanks to (|2~23|) and ([2~25]) . K+(z) is analytic in the strip < Imz < 
2e-X s + , where < 2e < t and = ^ / R e -" s c/(s)(is. In case d = 0, let /^(£) = M£)e pC , 
where p G (0, 2e - A+). Due to ([238]) . for each p G (0, 2e - A^_), h p + G W^OR) for any p > 1. 
Furthermore, we have 

M|Mr? + *»l = hKWI = = l^(r|)| < H^IUi, V G K- 

Therefore, in the strip < Imz < 2e — A^_, 

\h+(z)\ = OflRe*! -1 ), |Rez|^oo. 

In the strip |Rez| < D with any fixed D > 0, we have that A^ + (z) = 0(|lmz|) ( = 0(|Im2| 2 ) 
if d > 0) uniformly as |Imz| — > oo . Consequently, iz)A'£ (z) = 0(|lmz|) -2 for any 
z G C with < Rez < A^ - 2e and A L+ (z) ^ 0. 

Since TLl + is an isomorphism, V is the unique solution to dv" — cv' + L + v = h + . By using 
Fourier transform and shifting the integrating path, when £ > 0, we find 

27ri R A+(»7/) 77 2vry R A + (i V ) Wj 

E e z ^h + (-iz) . -i f e z ^h + (-iz) 

A+{z) + ~ ~ 2vr J Rcz=X ° + -e A L+ {z) 

Here we choose e such that Al + (X s + — e + irj) ^ for any 77 G K. Clearly, The last integral 
absolutely converges. 

Let Ta«- £ = {z G C|A l +(z) = 0,A^_ — e < Rez < 0}. Since h(z) is analytic in the strip 
< Imz < 2e — A+, in the strip A^_ — 2e < Kez < 0, h(— iz)A'£ 1 (z) is meromorphic and only 
has poles which may occur at z G T\s + _ e . We claim that h(iz)A^ (z) has a simple pole at 
z = \ s + . Suppose this is not true. In virtue of Lemma [2TT| in the strip A+ — e < Rez < 0, 
either all the poles of h{— iz)Aj / 1 (z) occur at z G T\ s -e with Rez < A^_ or h{— iz)A~[ 1 (z) is 
analytic . For the latter, V(f ) = 0(e (A +" e)c ), as £ ^ oo. Certainly, = 0(e 2(A +~ e)f ) and 
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h(iz) is analytic in the strip 2A^_ — x for some < x < 2e. Hence the path of integration can 
be shifted to the line Rez = 2A^_ — h. Consequently, one of the following cases must occur. 
Case I The set Z is not empty, where 

Z = {Rez 6 WL~\Al + (z) = 0, h{—iz) is analytic at zand h{— iz) (z) has poles at z}. 

Case II V(0 = 0(e~^) for any b € R + . 

Next we show that both case I and II are impossible. We start with case (I). Let g = sup Z. 
Recall that is the only real zero of A^ + in the half plane Rez < 0. By lemme [2~Tl we may 
assume g ± fi m i with fi m > 0(1 < m < oo) are all the element of Z with real part equal to g. 
Suppose that h(— iz)A~ L l + (z) has a pole of order l m + 1 at g + [i m i. Then 

V(0 = ^TRes(et z h(iz)A L l(z)) Rcz=( , + o(ert) 
= zZ Pl ^(0^cos(fi m ^ + k m ) + o(e^), 

m 

where pi m are real polynomials and k m G R. Thus, V(£) = ^ N e^(q(^) + 0(£ -1 )) as £ — > oo 
for some N > 0, where q is a quasiperiodic function of mean value zero. According to |16] . 

liminf g(<!;) < < lim sup (?(<!;). 

Consequently, V(£i) < for some £i > 0. This contradicts the fact that V(^) > for any 
£ £ (—00,00). Therefore case (I) never occurs. 
For the case II, we define 



Jr 



V b = I F(£)e°S b€ 

Note that 

F M 



e 



: >J*V{£)d£= [ e^Vlrf) [ e b{ ^ J r (f - rj)d£,dq = V b [ e 6f J(£)C 
Jr Jr Jr 



Let 



a= min f r (r,s), b= min f s (r,s). 
[-l,l]x[-l,l] [-l,l]x[-l,l] 

Due to (H2) and (H3), a > —00 and b > 0. Consequently, 

(2.29) cV - dV" >aV + bJ*V 

Multiplying each side of (|2.29|) by e b ^ and integrating by part yield 

(-cb -db 2 - [ J(Z)e K d£)V b > aV b , 
Jr 



thus 



-cb-db 2 -b [ J(Z)e b Zd£>a. 
Jr 
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Since —cb — db 2 — J K J(£)e^<i£ — > — oo, as b — > oo, we arrive at a contradiction. This implies 
that Case (II) can not occur. Therefore, e z ^h(—iz)A2^(z) has a simple pole at z = X s + , and 

W A' L+ (A^) + 27ri Re2= ^_ e A i+ (z) 

e^J^^e-^cfy e ( A +~^ f e ^+(?7 + i(e- A 5 + )) ^ 



J^vJirie-^drj-c 2vr J R A L+ (X% - e + i V ) 
Now let 

/ R 7?J(t?)e- A +^7 ? -c' 2vr 7 R A L+ (A^ - e + .77) 

Clearly, V + (£,) = o(e A +^), as £ — >• +00. The positivity of V forces that 7+ > 0. Thus, 

[/'(£) = 7 + e A +« + o(e A + f ), £^+00. 
By considering the equation cV — dV" = LJV + h- and arguing analogously, we may find 

U'(£) = 7 - e A -« + ( e A -«), ^-00 

for some constant 7~ > 0. With the boundary conditions £7(±oo) = ±1, we are readily to 
obtain the desired conclusions. □ 

The uniqueness of monotone traveling wave U for nonlocal Allen-Calm equation (jl.ip with 
d = were established in [3] and late for the general equation (II. ip in [8]. In those works, 
the uniqueness of speed and profile of traveling wave solution U are obtained by means of a 
comparsion principle and sub- and super solution techniques. Here we provided a technically 
different and simplified proof for the uniqueness of U. 

Corollary 2.1. Assume that (H1)-(H5) are satisfied. Then there exists a unique c'eM such 
that equation possesses a solution satisfying \2. 1}) if and only if c = c* and the traveling 
wave solution U is unique up to translation of!;. 

Proof. We shall argue by contradiction. Suppose that there exist (q, Ui) satisfying (II. ip with 
c\ < C2 , i = 1, 2. We may assume that one of these solutions has speed c*. By Theorem 12.11 
both solutions satisfy 



-l + nietfe + o(e*"*), £ -»• -00, 
1 - nie e ^ + o(e e ^), £ ->■ 00 
for some nj,nj > and gf > 0, gf < 0. Furthermore, £>" and gf satisfy 



dgl - d{gf) 2 -a + -b + [ J(s)e~^ s ds = 0, 
CiQf - d{gX) 2 -a' -b- I J{s)e~^ s ds = 0. 



In view of the proof of lemma 12. 1\ it is easy to see that 

gl<g s 2 <0, < # < 
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Thus, [/2(C) < Ui(£) for all sufficiently large |£|. This together with the monotonicity of Ui 
justify that we can choose r£i and replace U 2 ((,) by U 2 (£+t) such that U 2 (^) < Ui(0 for all 
(£l and U 2 {C) = U^o) for some £„. Consequently, U^o) = ^((Co) and < (Co)- 

Moreover, (H2) and the fact that J * U^o) > J* U 2 (£o) imply that /(£/i(£o), J * ^i(Co)) > 
/(^2(Cq)j <^ * £^2 (Co))- By plugging these relations into (| 1 . 1 j) . we find 

= dt/ 1 , (eo)-ciC/((eo)+/(f/i(D, J*«7i(6)) > dU^C )-c 2 U^ )+f(U 2 (( Q ),J*U 2 (^)) = 0. 
The contradiction completes the proof. □ 

3. Spectral analysis of traveling wave U 
In this section, we study the spectrum of the operator H^. Recall that 

(3.1) (n L «)(0 := d«"(0 - cu'(0 + /,([/, J * U)u(0 + f s (U, J*U){J* u)(0 
and 

(3.2) (n L± u)(£) := - cu'(0 + a ± n(0 + b ± {J * u)(C). 
Clearly, the equation (LTl — AJ)it = is equivalent to 

(3.3) du"(0 - cu\0 + L{£)u(Z) - Xu(0 = 0. 
Let 

L*(0v(0 = fr(U(0,J *U(0H0 + [ J{£-n)f.(U(ri),J*U(Ti))v(Ti)dr). 

JR 

The adjoint equation of (|3.3p is the equation 

(3.4) dv"(0 + cv'(0 + £(CMC) - MO = 0, 

where A denotes the conjugate of A. We define the formally adjoint operator (JIl — XI)* of 
(LT L - XI) to be 

((n L - xr)*v)(0 = dv"(0 + cv'(0 + l*(CMC) - MO- 

It is easy to see that 

(3.5) / ^)((n L - A/)u)(£K = / ((Ii L -XI)*v)(0u(0^, 

JR JR 

and 

(3.6) (n L - xiy = u* L - xi, 

where u G W l > p , v £ W l ' q and - + - = 1. 

p 1 

Similarly, the formally adjoint operators (IIz, ± — XI)* of Hl± ~ XI are defined by 

(3.7) ((n L± - XI)*v)(0 = dv"(0 + cv'(0 + L ± v(0 - MO- 

Throughout the rest of the paper, we let X := L P (M, C), 1 < p < 00. ^kX is considered 
as an ordered Banach space with a positive cone X+, where $tX = {Reu|u E X} and 
X + = {w € $tX\w > 0}. It is well known that X + is generating, normal, (see [1] for more 
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details). For <p G "SIX, we write ip > if tp G X + and ip ^ 0, (/? > if > for each ^et. 
An operator A : X — > X is called positive if ^4AT + C Al + . 

Definition 3.1. An operator A is said to be resolvent positive if the resolvent set p(A) of A 
contains an interval (a, oo) and (XI — A) -1 is positive for sufficiently large A G p(A) n M. 

In sequel, we follow [T3J to define the normal points and the essential spectrum of an 
operator A on a Banach space. Namely, a normal point of A is a complex number in the 
resolvent set p(A) or an isolated eigenvalue of A with finite multiplicity. The complement of 
the set of normal points is called the essential spectrum of A denoted by o~ ess (A). We denote 
the spectral bound of an operator A by 

s(A) = sup{ReA : A G a (A)}. 

We also let I = max{o + + b + ,a~ + b~} and i = min{a + — 6 + ,a _ — where a^ = 
/ r (±l,±l),6 ± = / a (±l,±l). 

Theorem 3.1. Consider the linear operator : LP — > IP defined by \3. 1}) . which corre- 
sponds to the variational equation of (1.1) at U , that is 

(U L u)(0 = du"(0 - cu 7 (0 + fr(U, J * U)u(0 + f s (U, J*U)(J* u)(0 

and its formally adjoint operator U* L : L q — > L q defined by 

(U* L u)(0 = du"(0 + cu'(0 + f r (U, J * U)u(0 + (J * f s (U, J * U)u)(0, 

where 1 < p < oo, = + - = 1. q = oo if p = 1, and q = 1 if p = oo. T/ien 
Case d = 0. 

(%) Lei r2 + = {A G C|i?eA > 1} and = {A G C|i?eA < l}. X is a isolated eigenvalue 
with finite algebraic multiplicity if X £ U n o~(T1l), Furthermore, suppose is an 
eigenfunction corresponding to X, then 

(3.8) < C x e~^, (£1 

for some positive constants C\ and p. 
(ii) a ess (U L ) C {A G C|i < #eA < t}. 

(raj s(n^) = 5(112) = and is a simple eigenvalue for both Ul and H* L . 

(iv) dimJ\f(Il L ) = dimJ\f(U* L ) = codimTZ(U L ) = codim7Z(U* L ) = 1. Moreover, Il* L has a 
positive eigenfunction corresponding to the eigenvalue , and 

(3.9) K(U L ) = {h£ LP\ [ V(0h(t)dS = 0}. 

(v) There exist w > such that the set {A G C|i?eA < —w, or ReX > and A ^ 0} C 
p(Ul), where p(Jli) denotes the resolvent set o/TIl. 

Case d > 0. 



(i) Let 3 = {A G C||JmA| > ^JT - ReX + (b~ A b + ),ReX < 1} U {i?eA > 1} 
A G Eflffpi), i/ien X is a isolated eigenvalue with finite algebraic multiplicity 
if tp is an eigen] 'unction corresponding to X then 

where C\ and fi are positive constants. 

(a) a ess (n L ) c c \ s. 

The assertions (Hi) and (iv) stated above remain true. 
(v)the set {X G C\ReX > and X / 0} C p(U L ), 

Proof. We shall first prove that 11^ is resolvent positive. The proof for is same. Let A > 
be sufficiently large and write A = A* — A such that maxo<[/<i \ f r (U, J *U)\ < A < oo. Then 
we have (XI - U L ) = (A*/ + cd - dd 2 ) - (XI + L) , where (Lv)(£) := f r (U, J * U)v(£) + 
f s (U, J * U)(J * v) and d denotes differentiation. According to [T7](see section 1.6), As 
long as A* is sufficiently large, (X*I + cd — dd 2 ) is invertible and positive. In particular, 
IKA^ + cd-dd 2 )- 1 !! < |£| for some k > provided d > ,and | |(A*J + c^) -1 1 ] < |^-|. Since 
L is a bounded operator, XI — Hl is invertible provided A is sufficiently large. Therefore, we 
have 

(XI-IIl)- 1 = [(X* I + cd - dd 2 ) - (XI + L)]- 1 

= (X*I + cd-dd 2 )- 1 [I-(XI + L)(X*I + cd-dd 2 )- 1 } 

oo 

= (a*/ + cd - dd 2 )- 1 ^[(A/ + l)(x*i + cd- dd 2 )- 1 ]!. 

j=0 

Note that (XI + L) is positive. So the above Neumann series is a sum of positive operators 
and hence is positive. Clearly, for any A > A, (XI — Ul) is invertible and positive. Hence Hl 
is resolvent positive. 

Next, we prove the statements (i)-(v) for the case that d = 0. The proof for case that 
d > follows the same lines and shall be omitted. 

By |17j again, there exists w > sufficient large such that (XI + cd) is invertible and 
||(A/ + cd)" 1 !! < If I whenever A < -w. With the same reasoning used previously, we see 
that XI — Hl is invertible provided A < —w. This prove the part of (v). 

Notice that both S7 + and Q_ are connected open subsets of C. Due to Proposition 14.31 
and Lemma 14.21 in Appendix, both (Hl — XI) and (II^ — XI) are semi-Fredholm operators 
whenever A G 0_ U Since piJ^L) H ^+ 7^ and piJ^L) H f)_ 7^ 0, according the first 
paragraph on p243 of [12], the followings hold true: 

(al) (Ul — XI) is Fredholm of index zero if A G 0_ U 

(a2) Suppose that A G <t(Ul) H (fi+ U 0_), then A is a isolated eigenvalue with finite 
algebraic multiplicity. 
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Furthermore, Lemma 14.11 implies (|3,8p . Therefore (i) is completed. As a consequence of 
(i), (ii) is true. Next, we show (hi) and (iv). Analogously, (al) and (a2) remain valid for 
LT^. Notice that G (j(JIl), and so s(n^) > > — oo. By [20], the resolvent positivity yields 
that s(ili) G ct(Hl). In particular, s(Hl) G D fi+ since I < 0. Therefore, (al) and 

(a2) imply that Ind(n^ — s(n^)J) = and s(n^) is a isolated eigenvalue with hnite algebraic 
multiplicity. It follows from Lemma 14.21 that 

codim.n{U* L - s(U L )I) = codim7£(II L - s(U L )I)* > dimAA(n L - s(U L )I) > 0. 

Consequently, 5(Ul) G cr(U* L ). By the resolvent positivity of ILt , we infer that s(n"2) G o-(U* L ) 
and s(LT2) > s(n^) > 0. Moreover, s(SI* L ) has a positive eigenfunction ^. Suppose that 
5(112) > 0. Observe that t/'(£) is an eigenvalue of Hl corresponding to eigenvalue and 
hence s(IT L )U'(Z) G U(U L - s(U* L )I). Since (n L - s(U* L )I)* =U* L - s{n* L )I, it follows from 
lemma 14.21 in Appendix that 



which is impossible since U' 3> 0. Thus s(n|J = s(n^) = 0. We now prove the simplicity of 
eigenvalue 0, without loss of generality, we assume that c > 0. We first show that AA(Hl) = 
span{U'}. Suppose this not true, then there is an eigenfunction tp associated with eigenvalue 
such that ip ^ tU' for all t G R. Obviously, ip G W 2 > P {R). In view of Theorem EH 
1-0(01 = 0(e A + 5 ), as £ -4 00, and \ip{^)\ = 0(e A - ? ), as ^ — > -00. Due to the positivity of 
U', there exist t such that tU' + ip > 0. Let t = inf{t G M : tU' + if> > 0}. Obviously, 
tU' + V / 0. Set HJ = ft/' + tp and £ = {£ G R\w(g) = 0}. Note that £ is not empty by our 
assumption. Furthermore, £ is a close set and £\inter£ 7^ . Let £0 G £\inter£. Certainly, 
for each e > 0, there is a point £ e G (£0 — + |s) such that uJ(£ e ) > 0. Since, for any 

7 > maxo<t/<i |/ r (t^, J * f/)|) cw' + 7IZJ = (LuJ + jw) > 0, simple calculation shows that 



Clearly, W(£) > for any £ > £0 + e - Thanks to (HI), there exist a, b with 6 > a > such 
that (—6, —a) U (a, 6) C suppJ. Since e can be chosen sufficiently small such that e < a, we 
find that suppJ(£o — •) PI suppTZT(-) contains a nonempty open interval. Hence J * wJ(£o) > 0. 
On the other hand, v?(£o) = implies that 



(H3) forces that J *w(^q) = 0, thus we reach a contradiction. The contradiction leads to the 
desired conclusion that M(Hl) = span{[/'}. As mentioned early, we can similarly show that 
J\P(IIl) = span{C/'} for the case that d > 0. However, the proof is much simpler. Indeed, we 
have cw' — dw" + yw = (Lw + ^w) > 0, where 7 is the constant same as one defined above. 





< fs{u,j*u){j*w){^) < (n L uJ)(£ ) = 0. 
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Then 

e 11 - (L + -fl)w(7])drj + e M+ [L + jl)w(n)dr], ^el, 

-oo ./£ 

where ^± = [c± \/ c 2 + Ad^]{2d)^ 1 . Thus, uJ = tU' + ip S> 0, which violates the definition of t, 
and the contradiction yields the conclusion we need. Next, we show that M(n L ) 2 = Af(U L ), 
we argue by contradictions. Let T1l& = t\U' for some G L p and t\ G M, that is, t\U' G 
7^.(11^). Therefore, ii L ^f(rj)U' \rj)dr) = 0, which is a contradiction, with the same reasoning, 
we can show that N(J\* L ) = span{^} and is also a simple eigenvalue of LT^. Thus, we 
proved that (iii) and dim7\A(n L ) = &xmN(H* L ) = codimft(n L ) = codim^(II2) = 1. Note 
that (|3.9p is ensured by Lemma [4.2l if is considered in IP with 1 < p < oo. In case p = oo, 
TI(ILl) Q {h € / 7i* = 0} implies (j3"U]) , Hence (iv) is completed. Certainly, A G p(n L ) 
for any A G C with Re A > 0. Moreover, by using the arguments similar to those in [3] (see 
pg 124, also refer to [21]), we can show that — irj is injective for any 77 G R. On the other 
hand, for each rj G M, IT^ — iry is Fredholm of index zero. Hence ir? G p(n£,) for any r/ G M 
and (v) is proved. 

□ 

4. Appendix 

Let Al ± -xi : C — > C be the characteristic equations associated with the operators Hl± 
which is defined by 

dz 2 -cz-X + a ± + b ± [ J{s)e~ zs ds. 

Let A* _^ : C — > C be the characteristic equations associated with the adjoint operators 
(JIl± — A/)*, which is defined by 

dz 2 + cz - A + a ± + b ± \ J(s)er zs ds. 

Remark 4.1. In light of proposition \2.1l it is clear that there exist A > such that 
Al + -\{z) = ( res Al_-\(z) = 0) has no solution in the vertical strip {A G C| — A < 
Rez < A} provided Ai + _\{irj) ^ (res Ai__x{irj) ^ 0) for any rj G R. In fact, for any 
K > 0, the set {—K < Rez < K\ Al ± -\(z) = 0} is bounded. Since Al ± _\(z) is ana- 
lytic on C, there are only finite zeros of Ai ± _\{z) located in the strip —K < Rez < K, 
thus, there must exist A > such that Ai ± _\(z) = has no solution in the vertical strip 
{A G C| — A < Rez < A}. In addition, if Al+^xi^T]) ^ (res Ai J _-\i(i'rj) ^ 0) for any 
then A* Tr (w/) / (res A* Tr (ir]) / 0) for any rj G R. 

Definition 4.1. The operator Hl + — A/ (Il£,_ — XI) is called hyperbolic if Ai J+ _xi(irj) ^ 
{AL__\i{irj) ^ 0) for any rj G R. The operator — XI is called asymptotic hyperbolic if both 
Hl + — A/ and Hi- — A/ are hyperbolic. Similarly, the operator — A/)* ((Hl,- — XI)*) is 
called hyperbolic if A* L+ _ XI {ir]) / (A* L __ XI (irj) / 0) for any rj G R. The operator (JXl — XI)* 
is called asymptotic hyperbolic if both — A/)* and (n^_ — XI)* are hyperbolic. 
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Proposition 4.1. If X G C such that Hl + — A/ is hyperbolic, then the operator Hl + — XI is 
an isomorphism from W l,p onto L p for 1 < p < oo provided d = 0. If d > 0, then Hl + — XI 
is an isomorphism from W 2,p onto IP for 1 < p < oo. In each case, the inverse is given by 
convolution 

[(n L+ - a/)- 1 /^) = (g£ + * h)(0 = [ G\ + (t - v )H( v )d v 

JR 

with a function G\ + which enjoys the estimate 

(4.1) \G x L+ (0\<K'e- a ^, (el, 

for some constants k' and a. Moreover, the same assertion is valid for n^_ — XI. 

Proof. Invoking Lemm a r 2"?2l we only need to show (|4.ip . By the remark |4"7[] there exist m > 
such that all zeros of A^ + _a lie outside of the strip {A G C||Rez| < m}. We define 

k + = inf{Rez : A L+ _ A (z) = 0, Rez > 0} 

and 

k~ = sup{Rez : A L+ _ A (z) = 0, Rez < 0}. 

Choose e' > sufficiently small such that Al + _\(z) only has finite number of zeros in the 
strip fc_ — e' < Rez < e' and Al + _\(z) is analytic on Rez = — e' . Again, we let 

JR 

By the reasoning used in the proof of Lemma 12, 2\ we find, for any £ > 0, 

G X L+ (0 = Y, R ^ A Ll-X^))\k.-e'<Re Z <e'+^ k '- £ ^ [ e*"A^_ A (fc- - e' + i V )d V 

= 0(C e fc -«), as £ -> oo. 

Here we assume that the zero with Rez = fc_ is a ith zero of A^ + _ A (z) in the strip k~ — e' < 
Rez < e' . Analogously, we have 

G X L+ (0 = O(ee k ^), as e^-oo 

for some j > 0. Let < a < min{|fe_|, |&+|}, then (|4.ip follows. □ 

Lemma 4.1. Assume that X G C such that Hl — XI is asymptotic hyperbolic. Suppose 
(Hi — XI)u = h, where h G IP. u G W l,p when d = 0, and u G W 2 ' p when d / 0. T/ien 



(4.2) |u(£)| < K ie ~^\\u\\ L oo +K 2 [ e~^~^\h(ri)\dr], $ G M. 

(4.3) IH| w ij><-K3|H|w + -K4||/»||lp, i/d = 0. 

(4.4) IMIw 2 * < K 5 \\u\\ LP +K 6 \\h\\ L p, ifd>0. 



Here all the constants fi and Ki(i = 1, •, •, 6) are positive and independent of u and h. 
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Proof. Let G\ + and G\ are Green functions for Hl + — and Hl_ — XI, respectively. 
Invoking (|4,ip . we may assume that both G\ + and enjoy the estimate (|4.ip . Note that 
n L - A/ = n L± - AI + M±, where M± are given by (??). 
Set 

(M^«)(e) : = ((i-^)M ± )(ene), 

where are the unit step functions similar to (|2,19p . Then (il^ — XI)u = h is equivalent 

to 

(4.5) U^ ± u = h - M^u, 

where Il£ = du" — cu' + (L±rt). Choose i?± such that $±M±(£) satisfy the conditions of 
Proposition 12. 1} here we may assume that #4 have their jump points at ±cr respectively. 
Then n£ are isomorphisms from W l,p (W 2,p ) onto L p for 1 < p < oo. Let be the Green 
functions for IT^ , then Proposition 12.11 yields 

1^(01 <C A e-^l 

for some positive constants C\,[i. Consequently, we have either 

u(0 



< 

or 

u(0 = 

< 

Thus, (|4.2p follows. Now we define 

(4.6) (AutOtf) = dv'XO - cv'(t) - uv(0, 
then we have 

(4.7) A u u = (A - uS)u - Lu + h, 

where (Lv)(g) := L(£)v(£). As long as w > is sufficiently large Aj 1 : L p ->■ (VF 2 ' P ) 
exists and satisfies 1 1 A" 1 ^! |wi, P < w p ||u||lp provided d = 0. (||A~ 1 u|| w -i, P < a; p ||u||.z> if 
d > 0), where w p only depends on d, c, u; and p. Since L is a bounded operator in L p , the 
desired conclusions (|4.3p and (|4.4p follow. □ 



G x L+ (^ V )[-M x u(r ] )]d V + / G x L+ (£,r,)h(ri)dr, 

-oo JR 

/cr /*oo 
e -^-r/||| M A|||| u || Lood7?+ / e -^-v\ h (^ dr] 
-OO J — oo 



/ 



GL(e,r 7 )[-M^«(7 7 )]dr ? + / G x L _(Z,v)Hv)dv 

X3 /'OO 

e -HC-r?l|| M A|||| u || Lood7?+ / e-^-^h^dr,. 
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Remark 4.2. In virtue of remark \4- 1\ and Lemma \4-1\ (JIjj — XI)* is asymptotically hyperbolic 
if and only if Hi — XI is asymptotically hyperbolic, where X G C . Suppose that II ^ — XI is 
asymptotically hyperbolic and JV(Hl — XI) is nonempty, where Af(ILi, — XI) is the kernel of 
ILl — XI. Let 4> G N(JIl — A/), then Lemma \4-1\ implies that <p decays exponentially at infinity. 
Clearly, the same conclusion holds true for (TIl — XI)* provided it has nonempty kernel. 

Proposition 4.2. Assume that X G C such that (11^ — XI)* is asymptotically hyperbolic. 
Suppose for some p that there are bounded sequences u n G W l,p ( W 2,p when d > 0) and 
h n G IP such that (II^ — XI)* u n = h n and h n — > h in IP . Then there exists a subsequence 
u n > and some u G W 1 ^ ( W 2 ' p ) such that u n < -)■ u in W ltP ( W 2 ' p ) and (U L - XI)u = h. 

Proof. Let the operator iV±(£) : LP — >■ LP defined by 

n±(0<0 = [f s (u(0,J*u(0)-fs(±h±i)MO+ 1 J(Z-v)[fs(u(v),J*u(v))-fs(±i,±i)Mv)dv. 

Also set 

(L x ± u)(0 := (L ± - XI)u(0 + N ± (0($ X ±u)(0, 

(N x um :=iV ± (0((l-^)«)(Oi 
where $±(£,) are same as these defined in Lemma 14.11 Let Il£ = du" — cu! + (Lj.'u).Then, 
with the same reasoning, we draw the desired conclusion. 

□ 

Lemma 4.2. Suppose that TIl — XI is asymptotically hyperbolic. Then the operator TLl — XI : 
IP — > IP is Fredholm operator for each p (1 < p < oo). Furthermore, the range TZ(Hl — A/) 
is given by 

TZ(U L - XI) = {h G LP\ [ w(0h(0dti = 0, w(0 G M((U L - XI)*))}. 

it 

In particular, 

dimAA(n L - XI)* = codimK(Il L - XI), dimAA(II L - XI) = codimTZ(U L - XI)*, 

Ind{U L - XI) = -Ind(U L -XI)*. 

In case p = oo, TIl — XI is semi-Fredholm operator. Additionally, the operator Hi — XI is 
Fredholm if J has compact support. 

Proof. The proof of this lemma is very similar to that of Theorem A in |15], we shall therefore 
only sketch the proof. As usual, we shall only give the proof for the case that d = since the 
proof for the case that d > can be completed analogously. We start to show that the unit 
ball 

B = {u G W l > p \u G Af(U L - XI), \\u\\ w i, P < 1} 
in N(Hl ~ A/) C W 1,p is compact, and hence we can conclude dimA/"(ITi — XI) < oo. It is 
worth pointing out that N(T1l — XI) is independent of p. Indeed, this can be inferred from 
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the remark H. 2 i Now, we choose any sequence u n G B, then by Proposition 12.21 with h n = 0, 
there exists a subsequence u > — > u* in W 1,p for some u* with (IL^ — \I)u* = 0. Therefore, 
u* £ B and £> is compact. 

Next we let p be fixed and we show that TZ(Hl — XI) is closed. Let h n £ 1Z(Hl — XI) C IP 
such that h n — > h* in L p , then we need to show that h* G 72-(IIx, — A/). Let C C M^ 1 '^ be a 
closed subspace complement of M(Hl — XI), that is, W 1,p = M(Hl — XI) ©C. Clearly, there 
exists a sequence u n £ C such that (11^ — XI)u n = h n . As shown in [15], H^nllw^.p must be 
bounded, hence Proposition 12.21 implies that there exists u* £ C such that (11^ — XI)u* = h*. 
This prove the closeness of TZ(Hl — XI). Therefore, II ^ — XI is semi-Fredholm. 

Now, we assume that 1 < p < oo, in order to prove (II ^ — XI) is Fredholm, it suffices to 
show that 1Z(Ul — XI) has finite codimensions in IP . To this end, we let AA((Il£ — XI)*)® C L p 
denote 

M((U L - XI)*)° p = {h£ L p \ [ W(Qh(Z)d£ = 0, w(0 £ M((U L - XI)*)}. 

JR 

From remark l4~2l . we see that (Hl — XI)* is also asymptotically hyperbolic, and hence Propo- 
sition [272] together above arguments imply that dimjV((rii — XI)*) < oo, where M((Hl — 
XI)*) C W 1 '". Certainly, codiiWV((n L - AJ)*)° = dimjV((U L - XI)*) < oo. To complete the 
proof, we show that M((U L - AI)*)° = TZ(U L - XI). In view of ([53]) . we have TZ(U L - XI) C 
A/"((n L - AJ)*)°. Assume for some p (1 < p < oo) that ft(n L - XI) ^ AA((II L - AJ)*)°, then 
there exists G Tl(U L - XI) 1 - and f R v*(£)h(£,)d£ / for some /i G M((U L - AJ)*)°, where 
7e(n L - A/) 1 - = {»£ L«| 4^)3(0 = 0, 9 G ft(II L - A/)}. Clearly, V * £ AA((II L - XI)*). 
On the other hand, we have 

f ^|)(n x - Ai>(f)df = 0,«£ 
ii 

Choose any % G C°°(M,C) with compact support and set u = x ■ By taking the complex 
conjugates, we find 

o = / «(0(n L - xijffijdt 

JR 

= d [ x(HW'(m + c [ x(£K(£K + [ X(0(L*(0-X)v(m 

JR JR JR 

= [ x(0((nL-\i)*v)(Qd£. 

JR 

This indicates that v solves the adjoint equation in the sense of distributions and v £ W 1 ' 11 . 
Thus v £ N((J1l -XI)*). This contradiction establishes that TZ(U L - XI) =Af((U L - XI)*)° p . 
for 1 < p < oo. 

For the case of p = oo, once again, (|3.5p implies that TZ(Hl — XI) C M((Hl — XI)*)^. 
Suppose that J has compact support. We need to show that TZ(Hl — XI) 2 M((Hl — XI)*)%^. 
We start to show that every h £ M((JIl — XI)*)^ can be written as h = h% + hi, where 
hi £ TZ(Hl — XI), and h\ = h whenever |£| > r for some positive constant r. Certainly, 
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h-2 G A/"((II L - A/)*)^ and h 2 has compact support. Therefore, h 2 G A/"((II L - A/)*)°. As 
shown before, h 2 G 7£(n£ — A/). Hence we have h G 7£(n£ — AI) as desired. To construct hi, 
we let w± = (II^ ± ) _1 /i, Where II^ ± are isomorphisms given in Lemma l4.1i Due to Lemma 
14.11 there exists a > such that (11^ — XI) w+ = h for any £ > a, while (Hl — XI)w- = h 
for any £ < — cr. Now, we let u>*(£) = m(£)u; + (£) + (1 — ?n-(£))u>_(£), where m : R — >• M + is 
a C 2 function such that m(£) = for £ < 0, and m(£) = 1 for £ > 1. Since J has compact 
support , the direct computation shows that (Hl — XI)w* = h provided |£| is sufficiently 
large. Choose h\ = (Hi — XI)w* , as required. Hence the proof is completed. □ 

Now we set I = max{a + + b + , a~ + 6~}, l = min{a + — b + , a~ — b~}. 

n + = {A G C|ReA > I}, Q- = {A G C|ReA < i}, H = {A G C|ReA > 1} U {A G C|Imz| > 
cVi-Rez + (6+ 

Proposition 4.3. If X G S £/zen A/ — is asymptotic hyperbolic when d > 0. In case d = 0, 
i/ie same conclusion also holds true if X G fi+ U f2_. 

Proof. It is sufficient to prove that A£, ± _\(i7/) 7^ for any r\ G M provided ReA > I. Note 
that A^ ± _A(i??) = if and only if 

icr? + dr/ 2 + (A - a ± ) = 6 ± / J(s)e~ ivs ds. 

First we note that 

drf + ReA - a ± > b ± > |6 ± / J(s)e~ ir,s ds\, -q G K 

when ReA > t, hence Ai ± _>,(ir/) 7^ for all provided ReA > I. Now, suppose ReA < T, 

it is easy to see that 

c~ 2 (Imz — b^ / J(s) sin(— r]s)ds) 2 + Rez — a ± > / J(s) cos(rjs)ds, i] G K, 

whenever |Imz| > c 2 \/^ — Rez + (& + A b~). In case d = 0, we still have Ai ± _x(iv) ^ if 
ReA > I. Moreover, ReA < l implies 

ReA - a ± < -6 ± < Re(6 ± f J(s)e~ ivs ds), 77 6 R. 

Therefore, the desired conclusion follows. □ 
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